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Abstract

In this paper, we construct a quadratic 7-matrix structure for the classical rational BC; Ruijsenaars—
Schneider—van Diejen system with the maximal number of three independent coupling parameters. As a
byproduct, we provide a Lax representation of the dynamics as well.
© 2015 The Author. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

The Ruijsenaars—Schneider—van Diejen (RSvD) models [1,2] are among the most intensively
studied integrable many particle systems, having numerous relationships with different branches
of theoretical physics and pure mathematics. They had found applications first in the theory of
the soliton equations [1,3-6], but soon they appeared in the Yang—Mills and the Seiberg—Witten
theories as well (see e.g. [7—11]). Besides these well-known links, the RSvD systems and their
non-relativistic limits, the Calogero—-Moser—Sutherland (CMS) systems [12—14], have appeared
in the context of random matrix theory, too. Making use of the action-angle duality between the
different variants of the CMS and the RSvD systems, new classes of random matrix ensembles
emerged in the literature [15-17], exhibiting spectacular statistical properties. Under the name
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of classical/quantum duality, it has also been observed that the Lax matrices of the CMS and the
RSvD models encode the spectra of certain quantum spin chains, thereby the purely classical
models provide an alternative way to analyze the quantum systems, without any reference to the
celebrated Bethe Ansatz techniques (for details see e.g. [18—21]). It is also worth mentioning that
in the recent papers [22,23] the authors have constructed new integrable tops, closely related to
the CMS and the RSvD particle systems. Besides the Lax representation of the dynamics, in their
studies the associated r-matrix structures also turn out to be indispensable.

The characteristic feature the above exciting new developments all share in common is the
prominent role played by the Lax matrices of the CMS and the RSvD models. However, all these
investigations are based on the translational invariant models associated with the A, root system,
exclusively. Apart from the technical difficulties, the probable explanation of this state of affair is
the very limited knowledge about the Lax representation of the RSvD models in association with
the non-A,-type root systems. Of course, one can easily construct Lax representations for both
the C,-type and the BC,-type RSvD models by the Z;-folding of the A,_1 and the Ay, root
systems, respectively [24]. However, this trivial approach is only of very limited use, since the
resulting models contain only a single coupling parameter. Nevertheless, working in a symplectic
reduction framework, in our papers [25,26] we succeeded in constructing Lax matrices for the
rational C,, and the rational BC, RSvD systems with the maximal number of independent cou-
pling constants. Motivated by the plethora of potential applications outlined above, in this paper
we work out the underlying classical r-matrix structures and also provide a Lax representation
of the dynamics for the rational BC,, RSvD model with three independent coupling parameters.

Let us recall that the configuration space of the rational BC,, RSvD system is the open subset

c={A=0A1, ..., A eR" A1 >...> X, >0} CR", (1.1)

that can be seen as an appropriate model for the standard open Weyl chamber of type BC,,. The
cotangent bundle 7*c¢ is trivial, whence the phase space of the RSvD system can be identified
with the product manifold

PR=c¢xR"={(A,0)|rec,0 cR"}, (1.2)

that we endow with the symplectic form

n
of =2 "do. Adh.. (1.3)
c=1

We mention in passing that the unusual numerical factor in w® is inserted purely for consistency

with our earlier works [25,26]. As for the dynamics, it is governed by the Hamiltonian

1 1 1
n 2\ 2 2\2 1 2 7
v K 4n
HR=§: h20,) (1+ = 14+ — || 1+ —=
Z ot ”( x%) < A%) d_l( (%—Mﬂ)
- (d#c)

1
R L 4PN vk
x(1+—— — I+—)-—, 1.4
(i) raell05) -4 s
where @, v and « are arbitrary real parameters satisfying < 0 < v. Also, on these so-called

coupling constants in this paper we impose the condition vk > 0. As can be seen in [27], this
additional requirement ensures that the particle system possesses only scattering trajectories.
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Having defined the models of our interest, now we wish to outline the content of the rest
of the paper. To keep our present work essentially self-contained, in Section 2 we briefly skim
through the necessary Lie theoretic machinery and the symplectic reduction background, that
provide the building blocks of the latter developments. Also, this section allows us to fix the no-
tations. Starting with Section 3 we present our new results. Section 3 is the longest and the most
technical part of our paper, in which we study of the r-matrix structure of the rational C,, RSvD
model corresponding to the special choice ¥ = 0. Sticking to the Marsden—Weinstein reduction
approach, in Subsection 3.1 we construct local extensions for the Lax matrix of the rational C,,
RSvD model. Making use of these local sections, in Subsection 3.2 a series of short proposi-
tions and lemmas allows us to construct a classical r-matrix structure for the C,-type model.
In this respect our main result is Theorem 10, in which we formulate the r-matrix structure in
a convenient quadratic form. The resulting quadratic r-matrices turn out to be fully dynamical,
depending on all variables of the phase space PX. Subsequently, by switching to a purely alge-
braic approach, in Section 4 we generalize Theorem 10 to the rational BC, RSvD system with
three independent coupling constants. The quadratic r-matrix structure of the BC,-type system
is summarized in Theorem 11. To make this important result more transparent, in Theorem 12
we describe the r-matrix structure in a more convenient choice of gauge. In this gauge we also
provide a Lax representation of the dynamics, as formulated in Theorem 13. Finally, in Section 5
we offer a short discussion on our results and also point out some open problems related to the
RSvD systems.

2. Preliminaries

In this section we overview those Lie theoretic notions and results that underlie the geometric
construction of the classical r-matrix structure for the rational C, RSvD system. Our approach
is based on the symplectic reduction derivation of the RSvD models, that we also briefly outline.
In Subsection 2.1 we closely follow the conventions of the standard Ref. [28], whereas in Sub-
section 2.2 we employ the notations introduced in our earlier work [25] on the RSvD systems.

2.1. Lie theoretic background

Take a positive integer n € N and keep it fixed. Let N = 2n and introduce the sets

N,={l,...,n} and Ny={1,...,N}L (2.1)
With the aid of the N x N matrix

_ On ln

C_|:1n 0n:| (2.2)

we define the non-compact real reductive matrix Lie group

G=U(,n)={yeGL(N,C)|y*Cy=_C}, (2.3)
that we equip with the Cartan involution

0:G—>G, y— (y Hr (2.4)
Its fixed-point set

K={yeG|O(y) =y} (2.5
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is a maximal compact subgroup of G, having the identification K = U (n) x U (n).
On the Lie algebra

g=u(u,n)={Y egl(N,C)|Y*"C + CY =0} (2.6)
the corresponding involution
v:g—>g, Y -Y* 2.7

naturally induces the Cartan decomposition

g=tPyp (2.8)
with the Lie subalgebra and the complementary subspace
t=ker( —1Idg) and p=ker(d +1dy), 2.9)

respectively. That is, each element Y € g can be decomposed as
Y=Y, +7Y_ (2.10)

with unique components Y € € and Y_ € p. Notice that the Z;-gradation (2.8) of g is actually
orthogonal with respect to the non-degenerate Ad-invariant symmetric bilinear form

(MV:gxg—R, (Y1,V2)—tr(Y112). (2.11)

To make our presentation simpler, for all k,/ € Ny we introduce the standard elementary
matrix e ; € gl(N, C) with entries

(e =08kpdy  (K,1"eNy). (2.12)
Also, with each A = (A1, ..., A,) € R" we associate the N x N diagonal matrix
A(A) =diag(rq, ...y Apy, —ALy ..., —Ay) €. (2.13)

The set of diagonal matrices
a={AQ) |1 eR"} (2.14)
forms a maximal Abelian subspace in p. Note that in a the family of matrices

1
D; = ﬁ(ec,c - en+c,n+c) (ceNy) (2.15)

forms an orthonormal basis, i.e. (D, D;) = 6. 4 forall ¢,d € Nj,.
The centralizer of the Lie algebra a inside K is the Abelian Lie group

M = Zg (a) = {diag(e!, ..., e X1 ... %) | x1,..., xn €R} (2.16)
with Lie algebra
m= {d]ag(1X19 7iXI‘ls 1X17 7inl) | X19 sy Xn € R} (217)

In this Abelian Lie algebra the set of matrices

i
Dc+ = _(ec,c + en+c,n+c) (ceNy) (2.18)

V2

forms a basis obeying the orthogonality relations (Dj, Dj) =—6cq (c,d eNy).
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Let m* and a' denote the sets of the off-diagonal elements of £ and p, respectively. With
these subspaces can write the refined orthogonal decomposition

g:meamLéBa@aL. (2.19)
In other words, each element Y € g can be uniquely decomposed as
Y=Ynu+Y,t +Yq+ Y41, (2.20)

where each component belongs to the subspace indicated by the subscript. In order to provide
convenient bases in the subspaces m' and at, foreach c € N,, we introduce the linear functional

et R" >R, A=(A1,..., ) Ac. (2.21)
Let us observe that the set of functionals
Ry={estepll <a<b<n}U{2e |ceN,} (2.22)

can be seen as a realization of a set of positive roots of type C,. Now, associated with the positive
root 2. (¢ € N,,), we define the matrices

i

X;:g,: = \/E (€c.ntc £ €nte,c) (2.23)

In association with the other positive roots, for all 1 <a < b < n we define the following matrices
with purely real entries:

+.r 1
Xgafgb = E(ea,b F €b.a =+ €nta,n+b — en+b,n+a)v

+,r 1
catep — _i(ea,n-i-b —€pnta L €ntab Felnib,a) (2.24)

together with the following ones with purely imaginary entries:

+.i 1

Sa—Ep — E(ea,b + €b.a + €nta,ntbh + en+b,n+a)y

: i
X:(:,,-lﬁ—s;, = _E(ea,n+b + epn+a + €n+ta,b + en+b,a)- (2.25)

The point is that the set of vectors {X€} forms a basis in the subspace m™, whereas the family
{X, €} provides a basis in at. Moreover, they obey the orthogonality relations

<X;'67 X;r/’e )= —8uawdee and (X, X;/’e ) = 8u.a'0e.e- (2.26)
Note that the family of vectors
i} ={DFYU{X5c) (2.27)

forms a basis in the real Lie algebra u(n,n). We mention in passing that it is a basis in the
complexification gl(N, C) = u(n, n)C, too.
Next we turn to the linear operator

adpagy:g—9, Y= [AR), Y], (2.28)

defined for each A € R". The real convenience of the basis (2.27) stems from the commutation
relations

adpay(DE) =0 and adpgy(XT€) =a(W)XTC, (2.29)
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where ¢ € N,,, @ € R and € € {r,i}. Notice that the subspace m* @ a* is invariant under the
linear operator adj (1), whence the restriction

anA()L) =adAG)lmlgal € g[(mL ® al) (2.30)
is well-defined for all A € R”, with spectrum

Spec(aday) = {£a (M) | € Ry}, (2.31)
The regular part of a is defined by the subset

Areg = {A(X) A € R" and &1,\@) is invertible}, (2.32)

in which the standard Weyl chamber {A(X) | A € ¢} is an appropriate connected component. Note
that this Weyl chamber can be naturally identified with the configuration space ¢ (1.1) of the
rational BC,, RSvD system.

Having set up the algebraic stage, now we turn to some geometric results that are specific to
the symplectic reduction derivation of the rational RSvD models. First, recall that the regular part
of p (2.9) defined by

Pree = IkAQVK™" |1 € cand k € K} (2.33)
is a dense and open subset of p. It is an important fact that with the smooth free right M-action

M x (¢x K)> (@m, (A, k) (A km)ecx K (2.34)
the map

T eX K = Preg,  (hy k) > kAQK™! (2.35)

is a smooth principal M-bundle, providing the identification

Preg = (e X K)/M = ¢ x (K/M). (2.36)
In the geometric construction of the dynamical »-matrix for the rational C,, RSvD model we shall
utilize certain local sections of 7 with the characteristic properties below.
Proposition 1. Take an arbitrary point 19 € ¢ and let A© = AL D). Then there is a smooth
local section

Breg 3 Y > (e(Y),0(Y)) €cx K (2.37)
of m (2.35), defined on some open subset ereg C Preg, such that

A €preg, (A, 0(A) =D, 1), ran(o,40) Sm®. (2.38)

Moreover, under these conditions, at the point A the action of the derivatives of e and o on
the tangent vector §Y € p = TA(O)ﬁreg takes the form

€A BY)=(0©Y1,1,...,8Ynn) € R* = T,o¢, (2.39)
0,0 0Y) = —(ad,0) " ((6Y)q1) emt CEZTYK. (2.40)

Proof. Notice that the point (A?), 1) € ¢ x K projects onto A©Q | that is,

(A0, 1)=AO, (2.41)
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Differentiating 7 (2.35) at (A(O), 1), let us observe that for each tangent vector

Sr@8k eR" ®EZ Ty ¢ ® 1K = T0 4)(c x K) (2.42)
we can write
d
Te0.1) (82 @ 8k) = { a;T(MO) + 180, e"”‘)} = A2 —[AD, 5k]. (2.43)
=0

Utilizing the linear operator (2.30), it is clear that

0 1) (82 @ 8k) = A(82) — ady 0 ((85) 1), (2.44)
from where we conclude that

ker(,; 0 1)) = {0} ®m. (2.45)

Since the subspace R” @ m™ is a complementary subspace of ker(m, ;0 1)) in the tangent space
T 1y(c x K), itis evident that there exists a local section (e, o) (2.37) satisfying the conditions
imposed in (2.38). Moreover, by differentiating the equation

7w o(e,o0)=1Id; (2.46)

Preg
at the point A the relationship (2.44) entails that for all Y € p =T, ) ﬁreg we can write
Ae,,0 BY)) —ad, o (0, ,0 (8Y)) = 8Y. (2.47)
Projecting this equation onto the subspaces a and a*, respectively, the formulae for the deriva-
tives displayed in (2.39) and (2.40) follow at once. O
To proceed further, we introduce the set of complex column vectors
S={VeCN|CV+V=0and V*V =N}, (2.48)

that can be naturally identified with a sphere of real dimension 2n — 1. At each point V € S the
tangent space to S can be identified with the real subspace of the complex column vectors

TyS={8V eCN |C8V +8V =0and (§V)*V + V*§V =0}, (2.49)
that we endow with the inner product

(8V,8v)r,s =Re((8V)*8v) (6V,8veTyS). (2.50)
Next, we introduce the distinguished column vector £ € S with components

E,=1 and E,{;,=-1 (a e Np). (2.51)
Also, with each vector V € § we associate the N x N matrix

EV)=ip(VV* 1) +i(n —v)C €t (2.52)
Since the K -action on S defined by the smooth map

KxS>®k,V)—>kVeS (2.53)

is transitive, and since k&(V)k~! = &(kV) for all k € K and V € S, it is clear that the adjoint
orbit of K passing through the element £(E) € € has the form

O={ké(E)k ' ke K}={&(V)|V €5} (2.54)
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As is known, the orbit O can be seen as an embedded submanifold of &, and for its tangent spaces
we have the identifications

T,0={[X,pl| Xt} C¢ (pe0). (2.55)

In our earlier papers [29,30,25,26] we have seen many times that this non-trivial minimal adjoint
orbit plays a distinguished role in the symplectic reduction derivation of both the CMS and the
RSvD systems. In this paper, throughout the construction of a dynamical r-matrix for the rational
C,, RSvD system, we will also exploit that with the free U (1)-action

U xS3(@EV, V)yseVves (2.56)
the map
E:S—>0, Vi>£V) (2.57)

is a smooth principal U (1)-bundle, providing the identification O = S/ U (1). Recalling (2.52),
it is clear that the derivative of & takes the form

Exv (V) =ipn(@BV)V*+V (V)Y € Tev)O (Ves, §Velys), (2.58)
whence it follows that

ker(£,y) =RiV  and (ker(&,v))’t = {8v e Ty S| (5v)*V = V*5v}. (2.59)
Let us also note that forall X e tand V € § we have XV € Ty S and

Exv(XV) =[X,§(V)] € Ty O. (2.60)

The last two equations entail that for each 6V € Ty S one can find a Lie algebra element X € £
and a real number ¢ € R such that

3V =XV +1tiV. (2.61)
Having determined the derivative of &, now we shall work out the derivatives of certain local
sections, that find applications it the latter developments.

Proposition 2. Let VO € S be an arbitrary point and define p @ = (V) € O. Take a smooth
local section

W:0—>S, pe W(p) (2.62)
of & (2.57), defined on some open subset 0co, satisfying the conditions

PO, W=V ran(W,,0) < ke, o). (2.63)
Then for the derivative of W at the point p© we have

VOyxxp© HO

W,,0 (X, p@) =xvO — (X €b). (2.64)

Proof. It is evident that there is a smooth local section W of the principal U (1)-bundle & that
satisfies the conditions displayed in (2.63). Take an arbitrary tangent vector [X, p(o) le TP(O)O
generated by some X € €, and introduce the shorthand notation

SW =W, 00X, p O e (ker(€,10))". (2.65)
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By taking the derivative of the relationship § o W =1d 5 at the point p© we find that

0 (W) =£,p0 o W,,0 (X, 00D =X, pO1 = £,p0 (XVD), (2.66)
therefore sW — XV© ¢ ker(, ). However, due to (2.59) we can write that

W =XxVO 4 xjp©® (2.67)
with a unique real number x. Its value can determined by the fact that the tangent vector § W
belongs to subspace (ker(é*w())))J-, leading to the formula (2.64). O

2.2. The rational C,, RSvD model from symplectic reduction

Based on our earlier results, in this subsection we review the symplectic reduction derivation
of the rational C,, RSvD system. The surrounding ideas and the proofs can be found in [25]. An
important ingredient of the symplectic reduction derivation of the RSvD system of our interest
is the cotangent bundle T*G of the Lie group G (2.3). For convenience, we trivialize T*G by
the left translations. Moreover, by identifying the dual space g* with the Lie algebra g (2.6) via
the bilinear form (2.11), it is clear that the product manifold P = G x g provides an appropriate
model for 7*G. For the tangent spaces of the manifold P we have the natural identifications

TonP=T,G&Tyg=T,G®g  ((y,Y)eP), (2.68)
and for the canonical symplectic form w € Q2(P) we can write
0.1 (Ay DAY, Sy®8Y) = (y" Ay, 8Y) = (v~ '8y, AY)+ (v Ay, y~6yL. V), (2.69)

where (y,Y) € P is an arbitrary point and Ay @ AY,8y ® Y € T,G ® g are arbitrary tan-
gent vectors. An equally important building block in the geometric picture underlying reduction
derivation of the RSvD model is the adjoint orbit O (2.54). Of course, it carries the Kirillov—
Kostant—Souriau symplectic form »© € Q%(0), that can be written as

wg)([X, Pl [Z, pD) = (p,[X, Z]) (e, X,Zeb. (2.70)
Making use of the bundle £ (2.57) and the equations (2.60) and (2.61), one can easily see that
wgv)(s*v((SV), Exv (8v)) =2uIm((SV)*8v) (VesS, sV,6velys). (2.71)

Now, by taking the symplectic product of the symplectic manifolds (P, w) and (O, wo), we
introduce the extended phase space

(P, ™) = (P x 0,0+ 0°). 2.72)

To describe the Poisson bracket on this space, for each smooth function F € C*°(P®), at each
pointu = (y, Y, p) € P, we define the gradients

VeFw)eg, V9Fw)eg, VOFwu)eT,0 (2.73)
by the natural requirement
Fru(8y ®38Y & [X. p]) = (VOF (), y™'8y) + (VOF W), 8Y) + (VOF (). X),  (2.74)

where 6y € T,G, Y € g and X € € are arbitrary elements. Now, one can easily verify that the
Poisson bracket on P*! induced by the symplectic form w®* can be cast into the form
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{F, H}*(u) = (VO F(u), VIH u)) — (VO F (), VC H (u))
—([VEFu), VEHW)L, Y) + oS (VOF (), VO H ), (2.75)
forall F, H € C* (P, To proceed further, let us note that the smooth map
O (K x K) x P — P ((kp, kr), (0, Y, 0)) > (kpykyp' krYkg' kppk;h)
(2.76)

is a symplectic left action of the product Lie group K x K on the extended phase space P, and
it admits a K x K-equivariant momentum map

JEL PR S eme, (0, Y, 0) > (0Yy Dy +p) ® (—Y5). (2.77)

As we proved in [25], the rational C,, RSvD model can be derived by reducing the symplectic
manifold P°X" at the zero value of the momentum map J X,

Let us recall that the standard Marsden—Weinstein reduction consists of two major steps. At
the outset, we need control over the level set

Lo =70 = {u € P | T (u) = 0}, (2.78)

that turns out to be an embedded submanifold of P! (2.72). However, to get a finer picture, we
still need some more background material. First, for each a € N,, we define the rational function

. n . .
iv i 2ip >
(OA>zgM)=— 14+ — 1+ 1+ eC. 2.79
«) ( )‘a) }:[1 ( Ka—kd)( Ag + Mg ( )
(d#a)

Also, we need the vector-valued function 7 : P® — CV with components

1 1
Fa=e"lza? and Fupa=e "Zalzal ™2 (@eNy), (2.80)
that allows us to introduce the function A: P® — exp(p) with the matrix entries
ZiMfa?b A _ 2illf}—n+a~fn+b
n—+a,n+b 2i,bL — )La T )\b 5
AuF Forp | il —v)
2iptrat+rp  intAg

where a, b € N,,. As we have seen in [25], function A provides a Lax matrix for the rational C,
RSvD model with the two independent parameters @ and v. Next, let us consider the smooth
function V: PR — § defined by the equation

Agp=——2elb
“b = D+ hg — Ay

Aa,n+b Zjn-i—b,a = 5a,ha (2~81)

V=A"IF, (2.82)
and also introduce the product manifold
MR =PR x (K x K)/U(1),, (2.83)

where U (1), stands for the diagonal embedding of U (1) in the product group K x K. Having
equipped with the above objects, now we are in a position to provide a convenient parametrization
of the level set £9 (2.78). Indeed, in [25] we proved that the map

TR MR pext (2.84)
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defined by the assignment

.6, (L, nRU (D)) = (nL AR, 9)%77}1, nrRAMng nEV G, ) (2.85)

is a smooth injective immersion with image YR(MZR) = £,. Moreover, in [25] we also proved
that Y® gives rise to a diffeomorphism from M~ onto the embedded submanifold £. In other
words, the pair (./\/lR , TR ) provides a model for the level set £g (2.78).

To complete the Marsden—Weinstein reduction, notice that the (residual) K x K-action on the
model space MR (2.83) takes the form

(kp,kg) - (2,0, (L, nR)U(D)s) = (A, 0, (kpnr, krnr)U (1)4), (2.86)

thus the orbit space M® /(K x K) can be naturally identified with the base manifold of the trivial
principal (K x K)/U(1),-bundle

R MR PR (0,60, (L np)U (1)) — (., 0). (2.87)
Now, the crux of the matter is the relationship
@®*o® = (rF)* o™, (2.88)

that we proved in [25] by applying a chain of delicate arguments. Therefore, for the symplectic
quotient in question we obtain the identification

P Jo(K x K), ™) = (PR, o). (2.89)

Finally, note that the K x K -invariant function

I
fir PR SR, (Y p) e () (2.90)

survives the reduction, and by applying straightforward algebraic manipulations one can ver-
ify that the corresponding reduced function coincides with the Hamiltonian of the rational C,
RSvD system with two independent coupling parameters x and v, that can be obtained from the
BC,-type Hamiltonian (1.4) by setting k = 0.

3. Dynamical r-matrix for the C,,-type model

Building on the symplectic reduction picture outlined in the previous subsection, our goal is to
construct a classical r-matrix structure for the C,-type rational RSvD system with two indepen-
dent coupling parameters. In the context of the CMS models, this geometric approach goes back
to the work of Avan, Babelon, and Talon [31]. Eventually, in our paper [32], we succeeded to con-
struct a dynamical r-matrix for the most general hyperbolic BC,, Sutherland model with three
independent coupling constants, too. It is worth mentioning that the surrounding ideas proves to
be fruitful in the broader context of integrable field theories as well. For a systematic review see
e.g. [33].

As we have seen in [25], the eigenvalues of the Lax matrix A (2.81) do commute, whence it
follows from general principles that .A obeys an r-matrix Poisson bracket (for proof, see e.g. [34,
35]). However, we wish to make this r-matrix structure as explicit as possible. For this reason,
Subsection 3.1 is devoted to the study of certain local extensions for the Lax matrix of the rational
C, RSvD model. As it turns out, these local extensions are at the heart of the construction of the
dynamical r-matrix structure for the RSvD system, that we elaborate in Subsection 3.2.
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3.1. Local extensions of the Lax matrix A

The backbone of our reduction approach is the construction of the so-called local extensions
of the Lax operator .4 (2.81), that we wish to describe below. For this reason, take an arbitrary
point

0. Oy ¢ pR (3.1
and keep it fixed. Clearly the point
sO =000 1, HU1),) e MF (32)

is one of the representatives of (A©,0©) in MR (2.83), that is, 7R (s©@) = A ©,9©). More-
over, let us introduce the shorthand notations

A0 — A(A(O), 9(0))’ FO — }-(k(o), 9(0)), yO — V(A(O), 9(0)), (3.3)
together with

YO Z (AT YO Z AO Z AG©O) 5O Z g O (3.4)
Corresponding to s(?) (3.2), in the extended phase space we also introduce the reference point

u® =1RP) =@, v, pO0) e pext, 3.5)

Now, associated with the elements given in (3.3)—(3.4), let us choose a local section (e, o) of
7 (2.35), and also a local section W of & (2.57), as described in Propositions | and 2, respectively.
Upon defining the open subset
ﬁZ{Y€g|Y—Eﬁreg}gga (3.6)
it is clear that
V:GxixO—CY (Y. ) o () V' W(p) (3.7)
is a well-defined smooth function. Due to the conditions imposed in the equations (2.38) and
(2.63), at the point @ (3.5) for the first n components of ¥ we have
V,u=FO  (@aeN,). (3.8)
Since these components are strictly positive, there is an open subset PELC G x gx O containing
the distinguished point u©, such that for all a € N,, the map
Wa ()
|Wa (u)]
is well-defined and smooth. Let us keep in mind that by construction m, (u®) = 1.
Now we are in a position to define those group-valued functions that play the most important

role in the construction of a dynamical r-matrix for the rational C,, RSvD system. First, making
use of the functions m, (3.9), we build up the M-valued function

mg: P U), urs (3.9)

m: P M, s diagmy(u), ..., mu(u), my(u), ..., my(u)), (3.10)
which satisfies m (u?) = 1. Next, we introduce the K -valued functions

k: P> K, (3,Y, p) > o(Yo), (3.11)

0: PX S K, ue k(wm(u). (3.12)
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Clearly we have k(u Oy = go(u(o)) = 1. Finally, we define the functions
AV P G (3, Y, p) > vy, (3.13)
A: PS5 G, ue o) ' ADwew). (3.14)
Notice that at the point u© (3.5) we have AQ @ ©) = AW©) = A®. Having equipped with

the above objects, now we can formulate the central result of this subsection.

Lemma 3. The G-valued smooth function A (3.14) is a local extension of the Lax matrix A
(2.81) around the point u© in the sense that A(u(o)) =A0?, 00y gnd

R R
AoT |(TR)*1(753X1) = 'A om |(TR)—1(75ext)' (315)

Proof. It is enough to verify (3.15). For, take an arbitrary point

5= 0n0, (., nRU (D) € (TR (P (3.16)
with some A € ¢, 8 € R"” and 57, ng € K. Also, for brevity we define

u=0Y p)="TR(s) e P, (3.17)
Recalling (2.35) and (2.85), it is clear that

Y =nrAMWng' =7 (A, 0R) € Preg. (3.18)

On the other hand, since Y € g, we have Y_ € ﬁreg. Thus, making use of the local section (e, o)
introduced in (2.37), we see that

Y=Y_ =n(e(Y_),o0(Y_)) =m(e(Y_), k(1)) (3.19)

also holds. Recalling (2.34), the comparison of (3.18) and (3.19) yields that there is a unique
element

m =diag(my, ..., my,my, ..., my) €M (3.20)
such that
(A, ngr) = (e(Y-), k(u)m). (3.21)
Next, remembering the parametrization (2.85), we can write
EMLV(L.0) =V 0, = p e O. (3.22)

However, utilizing the local section W introduced in (2.62), we also have £&(W (p)) = p, whence
by (2.56) we can write that

LV, 0) = eV W(p) (3.23)
with some constant ¥ € R. From the above observations it readily follows that

VW (p) = nLAGL0)2F (L 0) = () R F (1. 0) = (6 kR F (. 6),  (3.24)
from where we get VW (u) =mF(r, 0). Componentwise, for each a € N,, we can write

VW, () =maFa(h,0), (3.25)
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thus the relationship |V, (u)| = F,4 (A, 6) and also
W iv W, (1) 1¢ W, (u) gi‘/f

TR Tt ¢ e (320
are evident. In other words, m = ei‘pm(u), whence from (3.21) and (3.12) we conclude that
nr = k@m = eV k(wmwu) = ¥ o). (3.27)
Now, turning to the functions (3.13) and (3.14), notice that
AO @) =y*y =R AG. O)ng (3.28)
so from (3.27) we infer that
Ao YR =Aw) =) TAQ W (y) = A, 0) = Ao 7R (s). (3.29)

Since s (3.16) is an arbitrary element of (Y®)~! (PXY), the lemma follows. O
3.2. Computing the r-matrix

The natural idea impregnated by Lemma 3 is that the Poisson brackets of the components of
the Lax matrix A (2.81) can be computed by inspecting the Poisson brackets of the components
of the locally defined function A (3.14). Indeed, since we reduce the symplectic manifold P
(2.72) at the zero value of the K x K -equivariant momentum map J*' (2.77), and since the
local extension A is (locally) K x K -invariant on the level set £ (2.78), using the St. Petersburg
tensorial notation we can simply write

(A2 A0, 00) = (42 A1 @©). (3.30)
However, for the function A© (3.13) we clearly have
(AD @ gOyext (3.31)

that is, A0 obeys an r-matrix bracket with the trivial zero r-matrix. Therefore, due to the rela-
tionship A = ¢ ' A@¢ (3.14), it is clear that A also obeys a linear r-matrix bracket

(AR A} =[F2, A® 1] — [F21,1® A] (3.32)

with the transformed r-matrix
_ 1
Flo=¢]! < (o1, Ay 4 S ler, ) gy !, AT )]> P19 (3.33)

Now, recalling that (p(u(o)) = 1, from the relationships (3.30) and (3.33) we infer that for the Lax
matrix A we can write

(A1, ARG@ 0O = [0 @, 09), 40,9, 00)] — [r210.©, 00, 4,1, 6@
(3.34)

with the r-matrix
1
i @.0@) =~ AP W) + SlHgr. ¢2)™ @), 46O 8], (3.35)
However, since ¢ = km (3.12), Leibniz rule yields

to1, A1 W) =k, APV W) + (g, AD Y WD), (3.36)
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together with

for, 2™ @) = (k. k)™ @) + {kr, mo}™ @)
+{m1, k)™ @) + o} @ ). (3.37)
Thus, in order to provide an explicit formula for the above r-matrix (3.35), we still have to work
out the Poisson brackets appearing in (3.36) and (3.37). However, recalling (2.75), it essentially

boils down to the computation of the gradients (2.73) of the components of the functions AO,
k and m. We accomplish these tasks in the following series of short propositions.

Proposition 4. At the reference point u¥) (3.5), for all matrix v € gl(N, C) we have

* 0) 0)y—1 *
(VORe(tr(wA®))) @) = W HVIAT + (2“4 ) W+ (3.38)
Z oY AO 4Oy _
(VO Imr(wA Oy ) = CTOAT A @D (3.39)
1
whereas the remaining gradients ofRe(tr(vA(O))) and Im(tr(vA(O))) are trivial, i.e.
(VIRe(tr(vA D)) @) = (VIIm(trwA ) @) =0, (3.40)
(VORe(rwA@))) @) = (VOIm(tr(vA @) @) = 0. (3.41)
Proof. Take an arbitrary tangent vector
Au=8y®8Y ®[X, p V] € T,0 P (3.42)

with some Lie algebra element X € €. By neglecting the second and the higher order terms in the
small real parameter ¢, one can easily find that

= AO ¢ (A“”((y@))”ay) + ((y(o))’léy)*A(O)) ooy (3.43)

from where we infer that

Re(tr(wA D)), o0 (Au) = {(%Re(tr(vA(O) @+ AU+ )))}
t=0

2 (3.44)

Similarly, one obtains immediately that

=AY — (A~ —v*)
2i

Im(tr(vA D)), 0 (Au) =tr < (y<°>)—15y) . (3.45)

Since the N x N matrices appearing on the right hand side of both (3.38) and (3.39) do belong
to the Lie algebra g (2.6), by the definition of the gradients (2.74) the proposition follows. O

Proposition 5. At the distinguished point u® (3.5), for all Lie algebra element v € g we have

(VIRe(tr(vk)) (u @) = %(5&1 A0 (v=v),1) and (VIIm(r(vk))) @) =0,
(3.46)
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while the remaining gradients of Re(tr(vk)) and Im(tr(vk)) are trivial, i.e.
(VORe(tr(vk))) ) = (VOIm(tr(vk))) @ ?) =0, (3.47)
(VORe(tr(wk))) @ ?) = (VOIm(tr(wk))) @) = 0. (3.48)

Proof. As in the proof of Proposition 4, take an arbitrary tangent vector Au as given in (3.42).

By applying a first order expansion on k (3.11) in the small real parameter ¢, Proposition 1 tells
us that

kK@ +tAu+-)=c(AD +15Y))=c(AQ +1Y).)=1+180+---, (3.49)
where
8o =—(ady ) ((8Y)qu) em™. (3.50)
Since for all v € g we have
tr(vk) + tr(v*k~! tr(vk) — tr(v*k !
Re(tr(vk)) = 00 +2r(v ) and Imtr(ok)) = TP 2,r(” ) (3.51)
1
it is now evident that
t t * _ *
Re(tr(ok@® + 1 Au + - ))) = T J; O L (” 2” 50) T (3.52)
Recalling the Cartan involution (2.7) we can write v — v* = v 4+ ¥ (v) € ¢, therefore
1 ~
(Re(tr(vh))), 0 (M) = =3 (v + B (0). @y 0) ™ (Y)q))
1/ ~
= <(adA<0>)_1 (v=v%),1), 6Y>. (3.53)
In complete analogy with (3.52), for the function Im(tr(vk)) we can write the expansion
t _t * *
(e ke® + 1Au+ - )) = T > O L (v er_v 5a> oo (3.54)
1 1

However, since v + v* = v — ¥ (v) € p, and since the subspaces ¢ and p (2.9) are orthogonal with
respect to the bilinear form (2.11), we conclude that

(Im(tr(vk))) 0 (Au) = % (v—"2(),d0) =0, (3.55)

thus by recalling (2.74) the proposition follows. O

To find the gradients of the components of m (3.10) we find it convenient to introduce the
auxiliary function

T C\ {0} = U(l), z+> |Z—| (3.56)
b4
It is clearly smooth, and at each point x > 0 for its derivative we have
Im(w)
X

To(w) =i (weC =T, (C\ {0}). (3.57)

Note that with the aid of t the function m, (3.9) can be simply written as

mg="1o0WY,. (3.58)
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Also, for each a € N,, we introduce the N x N matrix
ea(FOY* + C(FMeiC
a =1 ,
2
where e, € CV denotes the column vector with components
(ex)r =dks (k1 eNy). (3.60)

As a matter of fact, the above matrix ¢, belongs to the Lie algebra g. Moreover, utilizing the
basis (2.27), we can write

2y =V2FP' D — VIRe(F ) (X5 + X351

(3.59)

. 0 o
+ Z (}-(O)(Xsc—sa - X)) — Re(}_ngr)c)(st Yeo T Xelhe,)

c=1

0 —
+ I, + X T)

. y
b (FOGE 4 X — R+ Xk
c=a+1

—Im(F LK, + Xo ) (3.61)

Proposition 6. Tuke an arbitrary a € N, then at the reference point u® (3.5) the gradients
(2.73) of the function Re(mg) are all zeros. However, for the imaginary part of the function m
(3.9) we have the non-trivial formulae

(VO Imm)) @) = ——t, €. (3.62)
F
1 ~
(VIAm(ma))) ) = W(adwr‘ ((a)ms) €0, (3.63)
(VO Um(ma))) @) = £,0 (8Va) € T,0 0, (3.64)
where

C(Aw))%ea _ (A(O))%ea O
+

8V, =
‘ 4uf$§0) 2uN

€ TyoS. (3.65)

Proof. First, take an arbitrary tangent vector 8y € Ty G. Recalling (3.7), and the conditions
(2.38), (2.63), for small values of the real parameter r we can write the first order expansion

VOO oyt YD ) =0 () )T GO 18y ) W ®)
=FO (YN EHCFO 1. (3.66)
thus for each a € N,, we have
W, (3O 418y 4+ YO o)y = FO Ly, 4. (3.67)
with w, = —tr(C(y@)~1(8y) CF@e) € C. Recalling (3.57), we can write

Im(wy)

ma(y O 18y - YO ) = e (FO twg +--) =1 +1i TFO

+---,  (3.68)
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thus clearly (VG Re(my)) (@) = 0. Moreover, by inspecting w, and (3.59), we obtain

Im(w,)  tr(Za(y@)~'8y)
R

(Im(my)) 0 By 0B 0) = , (3.69)

0 (3.62) also follows immediately.
Second, take an arbitrary tangent vector 6Y € g = Ty g. According to Proposition 1, for
small values of ¢ € R we have the first order expansion

(YO +18Y) ) =c(AQ +1Y))=1+150+ -, (3.70)
with the Lie algebra element §o € m* displayed in (3.50). Therefore,
VOO YD 187 p ) = o (O +18Y) )T GO W ()
=FO _ 0\ FO 4., (3.71)
and so for each a € N,, we can write
(3@, YO 15y, 0Oy = FO 4 4. (3.72)
with w), = —tr((60) FVe) € C. Utilizing 7 (3.56) and its derivative (3.57), we obtain

©) ¥ O _ (0 / . Im(w;)
ma(y", Y +18Y, p™) = t(F, +twa+-~-)—1+t17}_(0) +e, (3.73)
a

therefore (Vg(Re(ma)))(u(O)) =0 is immediate. Remembering (3.59) it is also clear that

() = (6 80) = = (Cmrs @30) ™ (Y)40)) = (@ 0) ™ (@), 8 ).

(3.74)
Thus, by combining (3.73) and (3.74), we end up with the formula
Im(w),) 1 ~ _
(M (14)),,0 0 ® 8Y © 0) = —= = { —57(ad0) ™ (Ga)m1). 8Y ). (3.75)
Fa Fa
that readily implies (3.63).
Third, take an arbitrary X € £. Remembering (2.38), (2.63), and (3.7), notice that
\Il(y(o), Y(O), p(o) +1[X, p(o)] +0)
Oy y(0)
—FO 4 ((A@)%xv(o) LA L ]-'“”) oo, (3.76)
whence for all a € N,, we can write
(P, ¥, 0@ 41X, pO1 4 ) = FO 41wy +--- (3.77)

with the complex number

FO
w! = tr((AD)2 XYty — e (xvOwO). (3.78)
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It readily follows that

ma(y O YO 0@ 11X, p O+ ) = e (FP Hrwg 4
Im(w))

=1 +1i
F

+- (3.79)

from where we get at once that (VO (Re(my))) @) =0 and

Im VA
(AM(14)),,0 0 S0 & [X, pO) = %f) (3.80)
Fa
At this point notice that VO YOy* ¢ ¢ Therefore, recalling (3.59), we can write
" © ©Oy-1 F& 0y

Im(w)) = —tr((A )2§ (A™) 2X)+ tr(1V VH*x)

_ro(__1 ((A(O))%ga(A@))‘%) 4y oy x| (3.81)

a ]__650) e N >

Now, one can verify that the column vector §V, displayed in (3.65) does belong to the tangent
space Ty, S (2.49). Furthermore, recalling (2.58) we find that

i
f<°> (A7) +VOVO) =06V, (3.82)
thus the relationship (3.64) also follows. O

Having the necessary gradients at our disposal, now we are ready to work out the tensorial
Poisson brackets appearing in (3.36) and (3.37).

Lemma 7. At the point u® (3.5) we can write

X+,e ® X o€ X+,E ® X €
® AOhext, (0)y _ 400 o o o o (0)
{k® Ayt Oy = A (Z o >+ <Z T (3.83)
o€ o€
n
fm ® Ay Oy — _ 4O <Z Df ® s;°>) - (Z DI ® S<°>> AP, (3.84)
a=1 a=1

where for each a € N, we have

o 1 :_sze(f,ﬁ‘fa)Xz‘g’:

“ T V2FD 2.0

(0) (0) (0)

Z <}- Xe —fa Re(]:nJrc)Xechea Im(‘Fn+L)X€c+€a>
0 0 0 0 0 0

=R SISV LRI, 0.0

0 0) | y—i 0
. Xn: FOXe R0 Xothe,  IMFDOX e, 585

A(O) _ A(O) A(O) A(O) A(O) A(O) ’

c=a+1 a c a + c a + c
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Proof. To prove (3.83), we utilize the family of N x N matrices {v;} defined in (2.27), that
forms a basis in the complex linear space gl(N, C). Recalling Proposition 5, we see that among
the members of the basis {v;} only the vectors X}¢ (¢ € Ry, € € {£}) generate non-trivial
gradients of the form

VeRe(tr(X k) ) = a(;«») X €. (3.86)

Let {v/} C gl(NV, C) denote the dual basis of {v;} provided by the trace-pairing of gl(N, C).
Recalling Proposition 4 and the explicit expression of the gradients (3.86), the Poisson bracket
formula (2.75) allows us to write

k&AM W) = k), r(s AN @O @ v
1,J

Yy tr(ws AV X €) — tr(v;C X €CAD)
- 0
o~ a(AO)

X(j‘@vj

1 _ _
=2 LGy Xa © AN+ XA, (3.87)

o€

so (3.83) follows immediately.
Making use of Propositions 4 and 6, let us notice that the Poisson bracket formula (2.75)
yields

{m (%) A(O) }ext(u(O))

n N
0
=- Z Z {A]((’])’ Mg }eXt(M(O))(ea,a + entanta) ® €kl
a=1k,l=1

==Y Df @ V2(AVVIAMem)) @) + (VIAmm)) @ AV) . (3.88)
a=1

Therefore, by projecting the Lie algebra element £, (3.61) onto the subspace m™, the application
of (3.63) immediately leads to (3.84). O

Lemma 8. At u© (3.5) we have the trivial Poisson bracket {k k}e’“(u(o)) =0, whereas

n
mew® =3 "pfer?, (3.89)
a=1

where for each a € N,, we have

0
o 1 [YReF )X
CVaEY 218
—1 / £(0) ot ©) gt ©) \y+
_}_aX: ]:C Xs(isa Re(fn+c)Xs(4l»sa _ Im(]:n-#c)XemrLea
S\ - WO+ 2O+l

0 i 0 i 0
. ( ‘7:5( ) X;,l_az: Re (‘F"(l"gc) X;"li‘az: Im (‘F;g'gc) X;’Lgc ) (3 90)

£y (-
0 0 0 0 0 0
el WPV LR W+ W+
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Proof. Working with the basis {v;} (2.27) of gl(N, C), from Proposition 5 we see that

V8 (Re(tr(vk) @) € at Cp. (3.91)
Keeping in mind the orthogonal Z,-gradation (2.8), the Poisson bracket formula (2.75) gives rise
to the relationship

{tr(vrk), tr(v k) ) @)

3.92
= (IVoRe(r(vrk) @), VI Re(ur(vs) )1, AV) =0, .

thus the equation {k k1w @) = 0 follows immediately.

As we have already observed at the beginning of the proof of Lemma 7, among the members
of the basis {v;} only the vectors v = XJ¢ generate non-trivial gradients for the component
functions tr(vk) at the point x(?). Utilizing these gradients (3.86), Propositions 5 and 6 allow us
to write

{m ® k)= @)

n
=Y > fma, r (XY @) eaa + entanta) ® (X

a=1 a,€

-y <VG(Im(ma))(u(0)), vg(Re(tr(X;fk)))(u(O))) V2DF @ X3e

a=1 «o,€
" V2
T Z ]1/(0_) D; ® Z Lar @dy0) " (XSO XF
a=1
- _ZD+ <o> (adA(O)) H(€a)g1)- (3.93)

Remembering the explicit formula of ¢, (3.61) and the commutation relations (2.29), the Poisson
bracket (3.89) also follows. O

Lemma 9. At the distinguished point u”) (3.5) we have the Poisson bracket
memf*w® = > w9 Dfe Dby -Df @D (3.94)
1<a<b=<n

with the coefficients

() ! ra =2y

Vop = + . (3.95)
. 0 0 0 0
a )\-g)_)‘-;,) ()\-é)_)‘-z))2+4/1/2
Proof. Using the antisymmetry of the Poisson bracket, we find that
{m }ext(u(O)) = Z {ma, mb}eXt(u(O))(ea a+entanta) ® (€p b+ enibnth)
a,b=1
=-2 > {memp)™@®) (D} ® D} — D ® D). (3.96)

l<a<b=<n
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To proceed further, let us choose arbitrary a, b € N, satisfying a < b. Notice that the Poisson
bracket formula (2.75) naturally leads to the expression
{ma, mp}™ @) = —((VE Am(ma)) @), (V8 (Am(mp))) @)
+{(VEAm(ma))) @), (VE (m(mp))) @ ®))
— %0 (VO Amma)) @), (VO Am(mp))) ). (3.97)
However, by utilizing Proposition 6, each term on the right hand side of the above equation can

be cast into a fairly explicit form. Starting with the first term, the application of (3.61) gives rise
to the relationship

1 ~
(VE Am(ma))) ™), (V8 Am(myp))) @) = —0 70 G (ady©) " () m1))
a Jp

_ 1 ( FOFY Re(FJIR(FD) Im(f,ﬁ(i)a)lm(fﬁb)) 398)
4FQFO ALY a0 A 0 A 0 '
Keeping in mind that a < b, a similar argument provides
(VEAM(ma))) @), (VE Im(mp)) @)
I (_ FOFRY Re(FIIRFD)  ImFI)IMFYD, )) (399
4aFOFON\ AP A 2 4 W+ a -

Now, let us turn to the third appearing in (3.97). Utilizing the concise formula (2.71) for the
symplectic form © (2.70), the application of the equations (3.64), (3.65) and (2.81) yields that

05 (VO (imme)) @®), (VO Im(mp)) @) = 0 0, Ep0 ($Va), &0 (V)
0

©)
= 2uIm((8V,)*8V)p) = 2puIm ( 2,b ) (3.100)

su2Fy) Fy

Now, by simply putting together the above equations, the lemma follows at once. O

At this point we are in a position to provide an explicit formula for the r-matrix (3.35). Re-
membering (3.36), let us notice that Lemma 7 itself implies that r is in fact linear in 4, having
the form

(@, 00) = (pl) QAP + AP (p)© (3.101)

with the g ® g-valued functions

n

+.(0) X ®X,¢ oo e L e exty, 0
riP=-3 aGoy T > Difes?+ S 2oy ™). (3.102)
o€ a:l

Recalling (3.37), the above expressions can be further expanded. Indeed, by simply plugging the
formulae displayed in Lemmas 8 and 9 into (3.102), we may obtain explicit expressions for both
P?Ez and r. However, since r is linear in 4 as dictated by (3.101), the linear r-matrix Poisson
bracket (3.34) can be cast into a quadratic form. Also, since the point (A(O), 9(0)) (3.1) we fixed
at the beginning of Subsection 3.1 was an arbitrary element of P&, the zero superscripts become
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superfluous and can be safely omitted. With the usual conventions for the symmetric and the
antisymmetric tensor products,

XVvY=XQ®@Y+Y®X and XAY=XQ®Y-YQ®X, (3.103)
we end up with the following result.

Theorem 10. The Lax matrix A (2.81) of the rational C, RSvD model with two independent
coupling parameters obeys the quadratic Poisson bracket

(A AR =app A1 A + At Ay — Asein A — A Ad (3.104)
with the g ® g-valued dynamical structure coefficients
Xo AXTC e + . pt
au:Z—)\JrZD ANSa+Td)+ Y. WapDf ADJ, (3.105)
o€ a(d) 1<a<b<n
Xg VXS N + + A Dt
b12=27—Z(D VSa+DIAT)— > WD ADf. (3.106)
a,€ O[( I<a<b<n
X VXT oy + +  pF
cn=) IR Y DFVS.—DIATH)+ > WpDfADS. (3.107)
o€ o a=1 1<a<b=<n
Xy nXEe &
dip=) =%~ 4 ZD+A(Sa—T)— > WD AD] (3.108)
a,€ a(R) l1<a<b<n

where the constituent objects are deﬁned in Lemmas 7, 8 and 9.

Proof. Due to (3.101), the Poisson bracket (3.34) takes the quadratic form (3.104) with

an=phH—p3. bu=-phH—ry. c2=-pl—pn di=pp,—py. (3.109)
Remembering (3.102), (3.37), and the explicit formulae displayed in Lemmas 8 and 9, the theo-
rem follows. O

We conclude this section with an important remark. Since the quadratic structure matrices
(3.105)—(3.108) are derived from an r-matrix linear in A as described in (3.101), from the rela-
tionships (3.109) it follows immediately that they satisfy the consistency conditions

a)y=—ap, dy=-dp, by=cp, ap+tbp=cp+dp. (3.110)

The above observation can be paraphrased as follows. If a Lax matrix .4 obeys a tensorial Pois-
son bracket (3.34), and if the governing r-matrix is itself linear in A as in (3.101), then the
tensorial Poisson bracket can be rewritten as a quadratic bracket (3.104) with quadratic structure
matrices obeying the consistency conditions (3.110) automatically. It is a nice, but essentially
trivial algebraic fact that the converse of this statement is also true. Indeed, suppose that a Lax
matrix A obeys a quadratic Poisson bracket (3.104) with coefficients satisfying (3.110). Under
these assumptions the quadratic bracket can be cast into a linear form (3.34). More precisely, the
governing r-matrix can be written in the form of (3.101) with
L _gntun _ _dp—bp—cn—up

P = ) and  pyp = ) )
where u1, is an arbitrary g Vv g-valued function on the phase space, i.e. it obeys the symmetry
condition uy; = u1;. This observation plays a crucial role in the developments of the next section.

(3.111)
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4. Classical r-matrix structure of the BC,,-type model

Utilizing a symplectic reduction framework, so far we have studied the classical r-matrix
structure for the rational C,, RSvD model with two independent coupling parameters © and v.
However, to handle the BC,-type model as well, in this section we slightly change our point of
view. Switching to a purely algebraic approach, we shall generalize Theorem 10 to cover the
most general rational BC,, RSvD model with three independent coupling constants. As an added
bonus, at the end of this section we will provide a Lax representation of the dynamics, too.

To describe the Lax matrix of the rational BC, RSvD system with the additional third real
parameter «, we need the functions

/2 2 1 1
a(r) = YETVEHKT d B =ik , 4.1y
\/2x \/2Xy/x+4/x2+K‘2
where x € (0, 00). Also, with each . = (A1, ..., X,) € ¢ we associate the group element
diag(ee (A1), ..., 0(Ay))  diag(B(A1), ..., B(An))
h()) = . . eqG. 4.2
@) [—chag(ﬁ(xl), o BG)  diag@(hy), ..., @Gun)) “2
In [26] we proved that the smooth function A: PR 5 G defined by the formula
A, 0) =) AR ORG)TY (1, 0) e PR (4.3)

provides a Lax matrix for the rational BC,, RSvD model (1.4) with the independent coupling
parameters w, v and k. Our first goal in this section to construct a quadratic algebra relation for
the Lax matrix A with structure coefficients satisfying the consistency conditions analogous to
(3.110).

Recalling (2.15) and (2.81), we start with the observation

A

= V2(DZA+AD])  (ceN,). (4.4)

Therefore, upon introducing the g ® g-valued function
n -1

r12=%§D;® a(;lxc ), “5)
we can write the tensorial Poisson bracket

(AL YR =T A + AT . (4.6)
Now, by simply applying the Leibniz rule, from (3.104) we get that

(A8 AR =a1 A1 Ay + A ibin Ay — Ape1n Ay — A Ard 4.7
with the dynamical coefficients

@ =hy'hy ainhihy +h7 ' Tiahihy — by 'Torhihy, (4.8)

bio =hihy 'biahy o + Tk hy — hihy 'Tayha, 4.9)

¢1o=hy haerhihy ' — k' haliohy + haTarhihy !, (4.10)

dia=hihadihT'hy Y — hihaTh T+ hyhaTaghs ! (4.11)
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Since the decorations coming from / are ‘equally distributed’ among these new functions, we
expect that likewise they satisfy the consistency conditions analogous to (3.110). Somewhat sur-
prisingly, this naive idea is fully confirmed by the following result.

Theorem 11. The functions (4.8)—(4.11) appearing in the tensorial Poisson bracket (4.7) obey
the consistency conditions

@y =—ap, dy=-dp, bu=¢n, an+bo=é¢n+dn. (4.12)

In other words, the Lax matrix A (4.3) of the rational BC,, RSvD system satisfies a quadratic
Poisson bracket (4.7) characterized by the consistent dynamical structure coefficients (4.8)—(4.11).

Proof. A moment of reflection reveals that azl —aia, ¢~121 =—d 12, and 521 = ¢12, whence
it is enough to prove that aj» + b12 =Cpp + dlz Since the verification of this last equation is
basically an involved algebraic computation, in the following we wish to highlight only the key
steps. First, we introduce the functions

K2 ik
Px)=,/1+ — and O(x)=— (x € (0, 00)). 4.13)
\ X X

Remembering (4.1), we see that

Px) =a(x)?*—B(x)? and Q(x) = 2a(x)B(x). (4.14)
To make the presentation a slightly simpler, we also introduce the G-valued function

H=h? (4.15)
Now, recalling (4.1), (4.2) and (4.14), with the notations

Pa=Pe) and Qu= Q) (a eNy) (4.16)
we can clearly write

diag(Py, ..., Py,)  diag(Qy,..., Q)
H= . . . 4.17
[—chag(gl,..., Q,) diag(Py..... Py) @17

To proceed further, we also define the g ® g-valued function

Qi2 =—(hy 'Ti2 + Ty HHa. (4.18)
Remembering the form of "1, (4.5), Leibniz rule yields

oH
Q=— ZD ® (’H‘l ) (4.19)

where for the derlvatlves we can easily find that
-1 BH _ \/EK X_’i
B)LC Ac )\%+K2 28,
Bearing in mind the above objects, from (4.8)—(4.11) one can derive that
hthy M@ +bio — én —di)hihs
= Hl_l’Hz_lalele + ’Hz_lblz’r"lz - 7—[1_16127{1 —dn2
—H'QuH +Hy QMo — Qi+ Q. (4.21)

(c e Ny). (4.20)
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To handle the right hand side of the above equation, we need the commutation relations listed
below. First, for each ¢ € N,, we have

H'DIH =D/, (4.22)
H'D7H = (P2 — Q)D; +2iP. Q. X5, (4.23)
H X H = (P2 — Q)X +2iP.Q D, (4.24)
H X5 H =X, (4.25)
Also, if a, b € N,, and a < b, then we can write
HXET H = (PaPo+ QuOn X, +i(PaQy — PrQu)Xi k. (4.26)
H X,  H = (PaPh— QuQp) X, +1(PaQp +PpQ0) XL, (4.27)
H X, H= (PP — QuQp) X, —i(PaQs +PoQa) X, . (4.28)
H X H o= (PaPo+ Qu Q)X e, —1(PaQy — PoQa) X, (4.29)
together with the relations
HXL, H= PPy + QuQX L, —i(PaQy — PrQIX. L, (4.30)
H' XL H= PPy — QuQp) Xy, —1(PaQy + PoQu) XL, . (4.31)
HIXDL H = PPy — QuQp) XL, +1(PaQy + Q)X s, (4.32)
H' X M= PaPo+ QuQu) Xy, +1(PaQy — PrQu) X", . (4.33)

Now, let us examine the first four terms appearing on the right hand side of (4.21). Recalling
(3.105)—(3.108), the application of (4.22) itself yields the formula
HTMG anHiHo + Hy " biaHs — Hi LennHy —dio

—lx—,e X o€ —1x+,6 _ X+,6
B X THAX DN XM XaT) (4.34)
o,€

a(A)

However, in order to further simplify this expression, we still have to exploit some functional
equations obeyed by P and Q. By inspecting the definitions (4.13), we see immediately that
5 2 262
Px)y —Qx) =1+ 7 (x € (0, 00)). (4.35)

A slightly longer calculation also reveals that

P@)*P(y)? = () Q) — 1)* n P)*Q(y)* — P()*Q(x)? _

0, (4.36)
x—y X+y
2 2 2 2 2 2 _ 2
x—y xX+y

where x,y € (0,00) and x # y. Having equipped with the relations (4.35)—(4.37), let us note
that the application of the commutation relations (4.22)—(4.33) does give rise to an even greater
simplification in (4.34). Indeed, we find that
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)3 H'X,H+X,)AH XN — X9
a(A)

o€

N R ). K2 -
—,1 , — —,1
= E 3 Xoo NXyo + =2 1+ el Do nXy ). (4.38)
=1 c c c

Now, let us turn to the last four terms appearing on the right hand side of (4.21). Recalling (4.19),
(4.20), and (4.35), we can write that

_1Q Qr = - 2/(2 +.i —i 2K 1 K2 _ —i 4
Hi'QuHi+Qun=)_ —T Xan @Kol gy 1 3D @ Xy ). (4.39)

c=1
Now, by plugging (4.34), (4.38) and (4.39) into (4.21), we obtain at once that
h'hy M@ +bia — é1n —di)hihy =0, (4.40)

whence the proof is complete. O

Having completed the proof, now we offer a few remarks on the result. First, since the Lax
matrix A obeys the quadratic bracket (4.7) with the dynamical objects (4.8)—(4.11) satisfying the
consistency conditions (4.12), the quadratic bracket (4.7) can be rewritten as

{Ay, )R = [F12, A1] = [F21, A2l (4.41)

Indeed, recalling our discussion at the end of the previous section, an appropriate r-matrix is
provided by the formula

Flo =Pl Az + Ao py. (4.42)
where

. ap+up . dp—bp—¢tn—in

ph= — and pp,= 7 , (4.43)

with an arbitrary g Vv g-valued dynamical object #15.

Second, one may raise the objection that the formulae (4.8)—(4.11) for the quadratic structure
matrices in the BC, case are ‘less explicit’ than the analogous objects (3.105)—(3.108) in the
C, case. The trouble is mainly caused by the derivatives of ~~! appearing in the definition of
I'12 (4.5). Though these derivatives can be worked out rather easily, we propose an alternative
approach to cure the problem. Namely, let us apply the gauge transformation

A, 0) =h)AR, O)h(L) ! ((r,0) e PR (4.44)

on the Lax matrix A (4.3). By applying the corresponding transformation on 7 (4.42), it turns out
that the transformed r-matrix takes the form

Fio=phAs+ Aapi, (4.45)
where
P =mhaphh T hy Ty and  pr, =hihapohy 'hy '+ hiHa T Hy L (4.46)

Since 717 is linear in /i, the tensorial Poisson bracket for A can be cast into a quadratic form
with structure matrices obeying the consistency conditions analogous to (4.12). To save time on
the algebraic details, we present only the resulting formulae.
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Theorem 12. For the transformed Lax matrix A= AN of the rational BC,, RSvD model we
have

(AL AR = apn Al Ay + Aib1n Ay — Aren Ay — ArAxda, (4.47)
where the dynamical objects

ap=ap, (4.48)

X 9

b, =H, <b12+ —Z <7—£_] H) _) Hfl, (4.49)
_ AN

¢n="M" <c12+ —ZD (7—[ M))’Hﬁ, (4.50)

; _ M\ g
dix=HH, (d12+—ZD (7—[ la,\ ))H11H21 (4.51)

c

are built up from the explicitly given functions (3.105)—(3.108), (4.17) and (4.20). Furthermore,
by construction, they satisfy the consistency conditions

ay) =—ap, dy=-di, by=¢n, ap+bp=cntdn. (4.52)
As an immediate consequence of the r-matrix formalism, now we can easily construct a Lax

pair for the rational BC,, RSvD system. For this reason, let us recall the partial trace operation
on the second factor of gl(N, C) ® gl(N, C), which is uniquely determined by the condition

h(X®Y)=tul)X  (X,Y cgl(N,C)). (4.53)

As we proved in [26], for the Hamiltonian of the rational BC,, RSvD model we can write
g 1= 1 .
H" = Etr(.A) = Etr(.A). (4.54)

Therefore, by expanding the Lax matrix A (4.44) in an arbitrary basis of the complex linear space
gl(N, C), say in the basis {v;} (2.27), we can write

R 1 1J 1 1J
=5t (;A vy | = EXJ:A tr(vy). (4.55)

Making use of this expansion, for the action of the Hamiltonian vector field X ;& € X(PX) on
the Lax operator .A we obtain

XyrlA1=)" X el Aoy =Y (AL HR) Ry,
1 I
I, 47 2 1 -
=3 Z{Al, AV Rtr(vy)vy = Etrz Z{Al, AVRv @ vy
1,J 1,J

Vo . .
= Etrz ([712, Ail =21, Az]) = E[trz(rlz), Al. (4.56)
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Since for ﬁﬁ (4.46) we can write

~+ _antup _dp—bp—cp—un

D= 5 and pp, = 5 , 4.57)
where @1, is a g Vv g-valued function, the application of (4.45) and (4.52) yields that

tra(F12) = tra (@12 — é12).A2). (4.58)
Upon introducing the alternative Lax matrix

A=HT1AH=H"A, (4.59)

the combination of the formulae (4.48), (4.50), (4.56) and (4.58), together with the explicit ex-
pressions (3.105) and (3.107), leads to the following result.

Theorem 13. With the aid of the g-valued function

R +er A A —€ —€( A A +,€
P 3 (X (A - A X, — (X, < (A+ A)x;
2 £ a(h)
1 . S ke (XA
+3 ;tr(SC(A +A) + T(A= ) - ; mDC (4.60)

the derivative of the Lax matrix A (4.44) along the Hamiltonian vector field X yr takes the Lax
SJorm X gr[ Al = [B, Al. In other words, B provides a Lax pair for A.

5. Discussion

One of the most important objects in the algebraic formulation of the theory of classical in-
tegrable systems is undoubtedly the r-matrix structure encoding the tensorial Poisson bracket of
the Lax matrix. In the context of the A,-type CMS and RSvD models the underlying dynamical
r-matrix structure is under complete control, even in the elliptic case (see e.g. [36—39]). In sharp
contrast, for the models associated with the non- A, -type root systems the theory is far less de-
veloped. By generalizing the ideas of Avan, Babelon and Talon [31], in our earlier paper [32] we
constructed a dynamical »-matrix structure for the most general hyperbolic BC,, Sutherland sys-
tem with three independent coupling constants. However, for the elliptic case only partial results
are available [40]. For the non-A, -type RSvD systems the situation is even more delicate. Prior
to our present paper, the »-matrix structure of the BC,, RSvD systems was studied only in [41],
based on the special one-parameter family of Lax matrices coming from Z;-folding of the Aj,
root system. Nevertheless, in the present paper we succeeded in constructing a quadratic 7-matrix
structure for the rational BC,, RSvD systems with the maximal number of three coupling param-
eters, as formulated in Theorems 11 and 12. It is also clear that by applying a standard analytic
continuation argument on our formulae, one can easily derive a dynamical r-matrix structure for
the rational RSvD system appearing in [42].

Regarding the hyperbolic, trigonometric and elliptic variants of the non-A,-type RSvD sys-
tems we also face many interesting questions. Indeed, except from some very special cases [24,
43,441, even the construction of Lax matrices for these models is a wide open problem. However,
let us note that in the last couple of years many results for the A,-type models have been rein-
terpreted in a more geometric context using advanced techniques from the theory of reductions
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(see e.g. [45,46]). Relatedly, it would be of considerable interest to see whether the underlying
classical r-matrix structures can be explored from these geometric pictures along the line of our
present paper. We also expect that the various reduction approaches eventually may lead to a
progress in the rigorous geometric theory of the non-A,-type trigonometric, hyperbolic and el-
liptic RSvD systems as well. As a starting point, it is worth mentioning the recent paper [47],
in which a Hamiltonian reduction approach based on the Heisenberg double of SU(n, n) gives
rise to a new integrable particle system, that in the cotangent bundle limit gives back the familiar
hyperbolic BC, Sutherland model with three independent coupling parameters.

Turning back to our quadratic r-matrix algebra (4.47), let us observe that the structure matri-
cesdiy, 1312, ¢12 and d 12 are fully dynamical, i.e. they depend on all variables of the phase space
PR (1.2) in an essential way. It is in contrast with the CMS models, where the naturally appear-
ing dynamical »-matrices usually depend only on the configuration space variables. Moreover, in
many variants of the CMS models the r-matrices can be related to the dynamical Yang—Baxter
equation, as first realized in [48]. However, in the A, case Suris [49] observed that in some spe-
cial choice of gauge the CMS and the RSvD models can be characterized by the same dynamical
r-matrices. Working in this gauge, Nagy, Avan and Rollet proved that the quadratic structure
matrices of the hyperbolic A, RSvD system do obey certain dynamical quadratic Yang—Baxter
equations (see Proposition 1 in [50], and relatedly also [51]). As a natural next step, we find it an
important question whether such claims can be made about the quadratic algebra relation (4.47)
in an appropriate gauge. Also, it would be of considerable interest to investigate whether the
non-A,-type RSvD models can be characterized by numerical, i.e. non-dynamical 7-matrices. In
the A, case the answer is in the affirmative (see [52]), but in the BC,, case the analogous tasks
seem to be quite challenging even for the rational models. Nevertheless, we wish to come back
to these problems in later publications.
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